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Exterior BVP’s

Exterior elliptic problems

Lu(x) =0, xc D®=R™ND
u(x) = f(x), xe€ob
ux)=0, xeR”

where L is an elliptic - or better the opposite of an elliptic - differential operator of
second order, which in the realm of the present work is expressed generally by the
formula L= 3 37, a,'j(x)%;xﬁr > bi(x)a%,- + co(x),

f(x) represents the Dirichlet data on the surface 9D, while the function Mu(x) is the
more intricate term of the scheme and is constructed via the application of the second
Green’s identity to the pair of functions consisted of the solution u(x) and the

fundamental free space solution G(x, y) corresponding to the operator L.



Exterior BVP’s

Helmholtz equation (n=3)

The acoustic scattering field u(x) exp(—iwt) emanated from the interference of an
incident time harmonic wave u™(x, t) = exp(i(kk - x — wt)) with the soft scatterer

D C R" satisfies the following boundary value problem (k = <)

(B +K)u(x) =0, xeD°
u(x) = —exp(ikk - x), x € dD

limy—soor™" (8‘;)7(:() - iku(x)) =0,

where k # 0 is the wave number, the unit vector k indicates the direction of the incident
wave and w stands for the angular frequency of the scattering process. Relation
Mu(x) = 0 leads to the Sommerfeld radiation condition which holds uniformly over all
possible direction ¥ = X. This condition not only gives information about the
asymptotic behavior of the scattered wave but also incorporates the physical property
according to which the whole energy of the scattered wave travels outwards leaving
behind the scatterer from whom emanates.

1 .
u(x) = —Uoo (X; k, k) + u1(x), |x|us(x) — 0, as |x| = oo

Ix|
where we recognize the far-field pattern uo (X; k, k) totally characterizing the behavior
of the wave field u(x) a few wave-lengths away the scatterer D.



Exterior BVP’s

The direct and inverse boundary value problem

@ In all cases, the direct exterior boundary value problem consists in the
determination of the field u(x) outside D when boundary data (i.e the function f)
and geometry (i.e the shape of D) are given. In fact, in most applications, we
are interested in determining the remote pattern of this field far away the
bounded domain D. For example, in three dimensions, it would be sufficient to
determine the far field pattern us. (X; k) if we deal with an application in which we

do not have access near the domain D.



Exterior BVP’s

The direct and inverse boundary value problem
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determination of the field u(x) outside D when boundary data (i.e the function f)
and geometry (i.e the shape of D) are given. In fact, in most applications, we
are interested in determining the remote pattern of this field far away the
bounded domain D. For example, in three dimensions, it would be sufficient to
determine the far field pattern us. (X; k) if we deal with an application in which we
do not have access near the domain D.

The inverse exterior boundary value problem aims at determining the shape of
the surface 9D when the boundary data is known and the remote pattern is
measured. Equivalently, instead of considering as data the measured remote
field, it is usual to have at hand the Dirichlet to Neumann (DtN) operator on a
sphere - or part of it - surrounding the domain D. In other words a large class of
interesting inverse boundary value problem are based on data incorporating both
the measured field along with its normal derivative on a given surface belonging

to the near field region.



Stoch. calculus

Stochastic Approach to Deterministic Boundary Value problems

@ The most celebrated example is the stochastic solution of the Dirichlet problem
involving Laplace operator:
Given a (reasonable) domain D in R" and a continuous function f on the
boundary 8D, find a continuous function u on the closure D such that
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@ The most celebrated example is the stochastic solution of the Dirichlet problem
involving Laplace operator:
Given a (reasonable) domain D in R" and a continuous function f on the
boundary 8D, find a continuous function u on the closure D such that

(fy u=f on 8D,
n
" d%u .
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@ In 1944, Kakutani proved that the solution could be expressed in terms of a
Brownian motion : In fact u(x), x € D is the expected value of f at the
from D of a Brownian motion starting at x € D.

@ This was only the beginning. For a large class of second order elliptic differential
equations, the corresponding Dirichlet boundary value problem can be solved on
the basis of a suitable stochastic process which is a solution of a systematically
associated ordinary differential equation.



Stoch. calculus

Basics of probability theory

@ We consider a probability space consisted in a specific triple (2, F, P).
In this structure, Q is a given set.
F is a c—algebra on Q. More precisely, it is a family of subsets of 2, whose
membership obeys to basic rules: The empty set ) is always present in this
collection, the complement of every set of Q can not be absent, while the infinite
union of sets participating in F is also there.
The third part of the triple is the probability measure P : 7 — [0, 1], assigning
zero value to the empty set, value one to the whole space Q and being countably
additive on disjoint sets.
P(F) =" The probability that the event F € F occurs ".
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@ Afunction Y :Q+— R"is called F— measurable if
Y=1(U) := {w € Q; Y(w) € U} € F for all open subsets U € R” (or,
equivalently, for all Borel sets U € R").

@ If X : Q—— R"is any function, then the o —algebra H x generated by X is the

smallest o—algebra on Q containing all the sets X—1(U); U € R” open. In fact,
Hx = {X~1(B); B € B}, where, here, B is the Borel c—algebra on R".
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@ A random variable is an F—measurable function X : Q — R". Every random
variable induces a probability measure px on R”, defined by
px(B) = P(X~1(B)) and called the distribution of X.
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variable induces a probability measure px on R”, defined by
px(B) = P(X~1(B)) and called the distribution of X.

@ If [, [X(w)|dP(w) < oo then the number E[X] := [, X(w)dP(w) = [gn Xdux(x)
is called the expectation of X, with respect to P.
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A collection A = {H;; i € I} of families H; of measurable sets is independent if
P(H; N...N H; ) = P(Hy,)...P(Hj,) for all choices of H;, € H,,,...,H;, € H,;,.

@ A collection of random variables {X;; i € I} is independent if the collection of
generated o—algebras Hy, is independent.

@ A stochastic process is a parametrized collection’ of random variables {X;};. 1
defined on a probability space (€2, 7, P) and assuming values in R".

"The parameter space T is usually the halfline [0, co) but it may also be an interval
[a, b], the non-negative integers and even subsets of R™ for m > 1:
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Basics of probability theory - Stochastic Processes

@ For every specific "time" t € T, we have a random variable
w— Xi(w); w € Q. For every specific " experiment " w € Q, we have the
function t — X;(w); t € T, which is called a path of X;.
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we may regard 2 as a subset of the space Q = (R™)7 of all functions from T into
R". Then the o—algebra F will contain the o—algebra B generated by the sets
of the form {w; w(t) € Fq,...,w(t) € Fx}, F; € R" (Borel sets). Therefore, one
may also adopt the point of view that a stochastic process is a probability
measure P on the measurable space ((R™)7, B).

@ The finite-dimensional distributions of the process {X;},.  are the measures
Biy,....t definedon R, k =1,2, .. by pr, .4 (F1 X ... X F) =
P[Xy, € F1,.... X, € Fi]; t € T, where Fy,.., Fj are Borel sets in R". These

distributions determine many (but not all) important properties of the process X.
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Y = {Yi};c7 having vy, 1, as its finite dimensional distributions.
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@ Conversely, given a family of vy, | . k € N, j € T of probability measures on

o
R it is important to be in position to construct a stochastic process
Y = {Yi};c7 having vy, 1, as its finite dimensional distributions.

@ One of Kolmogorov’s famous theorems states the following result.

Theorem

Forallty,....tx € T, k €N, letvy, .. 4 be probability measures on R s.t.
,/,0(1)VM,U(’()(F1 X .. X Fg) = Vfw---»fk(Fa*‘(U X ... X Fo_71(k)) for all permutations o on
{1,2,...,k} and

vty (F1 X X F) =y,

'vtkvtk+11"'![k+m(F1 X ... X Fk xR™x ... x Rn) forallm € N.
N————

m factors
Then there exists a probability space (2, F, P) and a stochastic process {X;} on Q,
Xt Q— R7, s.t. Vt1,4..,tk(F1 X ... X Fk) = P[Xt1 E F1,...,th E Fk]-
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Basics of probability theory-Brownian motion

@ We consider a specific family of probability measures vy, consistent with consecutive gaussian

..tk )
transitions starting from an initial point x € R" :
Ix - yI?

p(t, x,y) = (2x) "2 exp (— ot

) , yER" t>0.
More precisely, if 0 < ty < & < ... < t, we define a measure Vty,...t ON R by

Vt1,.,.,1k(F1><F2><m><Fk):/F - Pty X, X1)P(ta—t1, X1, Xo)...P(tk— b1, Xk—1 Xk )0Xq dXo... Xk .
1% X Fy

Kolmogorov’s theorem establishes the existence of a probability space (22, F, PX) and the well known
accompanying Brownian motion B; (starting at x) satisfying

iy, (Ft X Fa X ... X F) = P¥[By € Fy, ..., By € Fyl;
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) , yER" t>0.
More precisely, if 0 < ty < & < ... < t, we define a measure Vty,...t ON R by
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Kolmogorov’s theorem establishes the existence of a probability space (22, F, PX) and the well known
accompanying Brownian motion B; (starting at x) satisfying

iy, (Ft X Fa X ... X F) = P¥[By € Fy, ..., By € Fyl;

@ The canonical Brownian motion is the space C([0, o), R™) equipped with certain probability measures P*
as described above. Under the law PX, EX[B;] = x for all t > 0, EX[(B; — Bs)?] = n(t — s) ,for t > s
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@ In addition we define as Ft = F 1o be the o-algebra generated by the random variables
{Bi($)}<i<nmo<s<t Wecan think Ft as "the history of Bs up to time t". By construction, the Brownian
motion is of course { F;}-adapted.
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(*] It |s reasonable to look for some stochastic process W;, to represent the noise
term (the 1-dimensional case).

D — b(t, X;) + o(t, Xp) - Wy

(] Insp|red by applications, it seems necessary to ask (a) W, W;, being
independent for t; # t, (b) some kind of stationarity imposing that the joint
distribution of { W, 4¢, ..., W;, 1+ } is independent of t and finally (c) that
E[Wi] =0.

@ Unfortunately, it turns out that no reasonable stochastic process exists satisfying
these assumptions. Actually, such a W; cannot have continuous paths.

@ Nevertheless, it is feasible to represent W; as a generalized stochastic process,
constructed as a probability measure on the space of tempered distributions S’,
called the white noise process.

@ We can avoid this strict kind of construction by considering a discrete version of
the differential equation
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with X] = X(tl)’ Wk = Wtk, Al = tk+1 — Iy.
@ We replace WAty = AV = Vy, ., — Vi, where {Vi} is a suitable stochastic
process. The assumptions (a), (b) and (c) imply that V; should have stationary

independent increments with mean 0.

@ It turns out that the only such process with continuous paths is the Brownian?
motion B;. We put V; = B; and obtain

k—1 k—1
®  X=Xo+ 3 b(5,X) AL+ S o(t,X)AB;.
j=0 j=0

2Knight (1981), Essentials of Brownian motion, American Mathematical Society
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Xir1 — X = b(te, X)) Atk + o (i, Xi) Wi Aty

with X] = X(tl)’ Wk = Wtk, Al = tk+1 — Iy.

@ We replace WAty = AV = Vy, ., — Vi, where {Vi} is a suitable stochastic
process. The assumptions (a), (b) and (c) imply that V; should have stationary
independent increments with mean 0.

@ It turns out that the only such process with continuous paths is the Brownian?
motion B;. We put V; = B; and obtain

k=1 k=1
° Xk=Xo+ 2 b(t;, X)) Ati+ 3 o (8, X)) AB;.
j=0 j=0

° Xe=Xo+ [y b(s,Xs)ds+ [} o(s,Xs)dBs

2Knight (1981), Essentials of Brownian motion, American Mathematical Society
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Basics of stochastic differential equations

@ Let0=1) <t < .. < tm=tand consider the discrete analogue
Xir1 — X = b(te, X)) Atk + o (i, Xi) Wi Aty

with X] = X(tl)’ Wk = Wtk, Al = tk+1 — Iy.

@ We replace WAty = AV = Vy, ., — Vi, where {Vi} is a suitable stochastic
process. The assumptions (a), (b) and (c) imply that V; should have stationary
independent increments with mean 0.

@ It turns out that the only such process with continuous paths is the Brownian?
motion B;. We put Vi = B; and obtain

&  X= xo+zb(t,, )Ar,+z o(4,X)AB;.
() X,:X0+f0 sXs)ds-i-foa $,Xs)dBs

@ The It6 integral Z[f](w fo f(s,w) dBs(w).
——

o (s, Xs(w))

2Knight (1981), Essentials of Brownian motion, American Mathematical Society
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@ f(tw)eV=V(S,T) where V(S,T) contains functions such that
, f(t,w) is F—adapted and

E[fd (t,w)2dl] < oc.

@ Afunction ¢ € Vis called elementary if ¢(t, w) = >-€j(w) Ay, ,)(1). Then we
i

define

@ I ¢(t,w)dBi(w) = S&(w)[By,, — Byl(w)
j
@ The It6 isometry
2
E [(IJ o(t, w)dBy(w)) ] = E[J] 6(t.w)at]
is valid for all the elementary functions.
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f(t,w)eV=V(S,T) where V(S,T) contains functions such that
, f(t,w) is F—adapted and
E[fd (t,w)2dl] < oc.
A function ¢ € V is called elementary if ¢(t, w) = > 6j(w) Ay, ¢, )(f). Then we
i

define
I o(t,w)dBi(w) = Y e(w)[By,, — Byl(w)

J
The It6 isometry

2

E [(IJ 9(t,w)B(w)) ] = E[[] ¢%(t,w)et]
is valid for all the elementary functions.
For every f € V, we define the It6 integral of f (from Sto T) as
g f(t,w)dB(w) = lim 4 én(t,w)dBy(w) (limitin L2(P))
where ¢p, is a sequence of elementary functions such that
E [J§ (F(t,w) = n(t, )] - o.
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The It6 isometry

2

E [(IJ 9(t,w)B(w)) ] = E[[] ¢%(t,w)et]
is valid for all the elementary functions.
For every f € V, we define the It6 integral of f (from Sto T) as
g f(t,w)dB(w) = lim 4 én(t,w)dBy(w) (limitin L2(P))
where ¢p, is a sequence of elementary functions such that
E [J§ (F(t,w) = n(t, )] - o.

The It6 isometry is valid for all f € V.
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Multi-dimensional stochastic ordinary differential equations

In the core of the present work lie the stochastic differential equations of the type
aX; = b(t, Xt)dt + O'(t,Xt)dBt, 0<t<T, Xo=2.

In the equation above, T > 0 while b(.,.) : [0,00) x R” — R" and
o(.,.): [0,00) x R" — R"™*™ are measurable functions. The Brownian motion is
m-dimensional while the initial state random variable Z is independent of the o-algebra

]—'c(,'.f’) generated by the Brownian motion at all times. It is proved that under certain strict
conditions on b and o, the stochastic differential equation has a unique t-continuous
solution X;(w), which is adapted to the filtration (increasing family) 77 generated by Z

and Bs; s < t. In addition E[fOT | X;|2dt < oo]. We may integrate obtaining
T T
Xt = Xo +/ b(t, X[)dtJr/ o(t, Xt)dB;
0 0

where we recognize the It6 integral fOT o(t, X;)dBt, which is well defined given that the
solution X; involving in the integrand is }'tz-adapted. The strict conditions mentioned
above impose at most linear growth and Lipschitz behavior of the coefficients both in
terms of the second spatial argument, uniformly over time.
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The multi-dimensional It6 formula.

It is an issue of great importance to investigate the behavior of composite functions of
the form F(t,w) = f(t, X¢) = f(t, X(t)), where f(t, x) = (fi(t, x), f2(t, X), ..., fo(t, X)) is
a C? map from [0, 00) x R” into RP. The method for this effort is provided by the well
known multi-dimensional It6 formula, according to which F(t,w) is again an It6 process

with components Fx, k=1,2,..., p, satisfying
dFy=dfy=5 (£ X)dt+5, 2 O’k (EX)AX 1 3 adlafkj(rX)dx'dXI

where the relations dB’dB/ = 6,jdt, dBidt = dtdB’ = dt - dt = 0 span the calculus of
products between infinitesimals.

On the basis of the differential scheme , we find that
of, af 224,
fe(t.X)=t 0.+ 8 FE (5. Xs)ds+ [ =5 b,-(s,Xs)a—:i(s,Xs)dSJrfé 1 Z”j(UUT)”/aTzf)J(S’XS)dS

15 S (s X508 (9)

In vector form

(r X;) = f(0 X)+ f3 9L(s, Xs)ds + [3 b(s, Xs) - V1(s, Xs)ds

+3 Ja(eaT)(s, Xs) : VVI(s, Xs)ds + [5(VF)T (s, Xs) - o (s, Xs) - dB(S).
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The infinitesimal generator of an It6 diffusion

@ A (time-homogeneous) It6 diffusion is a stochastic process
Xi(w) = X(t,w) : [0,00) — R", satisfying a stochastic differential equation of
the form dX; = b(X;)dt + o (X;)dB;.
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The infinitesimal generator of an It6 diffusion

@ A (time-homogeneous) It6 diffusion is a stochastic process
Xi(w) = X(t,w) : [0,00) — R", satisfying a stochastic differential equation of
the form dX; = b(X;)dt + o(X;)dB.
@ The integral form of the multi-dimensional 1t6 formula simplifies to
f(Xi)=f +]o (Xs)-VI£(Xs) ds+ fo a0 T)(Xs):VVF(Xs)ds
+ LV (Xs)-o(Xs)-dB(s)
@ We take expectation value
EX[F(X)]=F(x)+EX[ [y b(Xs)-V(Xs)ds]+EX[ S [o(o0T)(Xs): VVF(Xs)ds]
0

(
+EX[ (VAT (X (Xs)-dB(S)]
@ For to diffusion X; in R", the infinitesimal generator A is defined by

Af(x) = I/'mtww, x € R" and has a domain Dj, including Cg(]R”).
More precisely, every f € CS(R”) belongs to Dy and satisfies

. 2
Af(X) = Zi b,(X)ddf;( +% Z,‘J(’TUT)/',/'(X)#@{X/'
The infinitesimal generator offers the link between the stochastic processes and
the partial differential equations.
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Stoch. calculus

The Dynkin’s formula.

@ Let f e C2(R") and suppose that 7 is a stopping time with EX[7] < co. Then

EX[f(X,)] = f(x) + E* [ /0 ’ Af(XS)ds}

@ The existence of a compact support for the functions f is not necessary if 7 is the

first exit time of a bounded set.
@ ..recall...that

dX; = b(X;)dt + o(X})dB;, 0<t<T, Xo=x

O f
OX;0x;

Af(x) = zmx)g%’. * %Z(MT)"J(X)
i ! i
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Stochastic representation of the solution of the interior Dirichlet problem.

@ Let D be a bounded domain in R” and ¢ a bounded function on 8D, while
u € C?(D) is supposed to be a solution of the boundary value problem

1 82u(x Au(x
Au(x) == = Za,-j(x) 8x,<‘gx,') + Zb;(x)%i) =0, xeD
1] i

Jim u(x) = ¢(y), y €D
xeb



Stoch. calculus

Stochastic representation of the solution of the interior Dirichlet problem.

@ Let D be a bounded domain in R” and ¢ a bounded function on 8D, while
u € C?(D) is supposed to be a solution of the boundary value problem

1 82u(x Au(x
Au(x) = 5 Za,-j(x) 8x,<‘gx,') + Zb;(x)%i) =0, xeD
1] i

Jim u(x) = ¢(y), y €D
xeb

@ Exploiting Dynkin’s formula, we obtain the representation

u(x) = EX[¢(X-p)], x€ D
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...A nice method...

Au(x) =0, x € Dand u(x) = ¢(x), x € D = u(x) = EX[¢(X,,)], X € D

Remark that in our case of interest (A = %A) Xt = Byl
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What about exterior domains?

¥ N
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The Brownian motion itself is well known to be recurrent in R? (i.e. PX(1p < co) = 1)
but transient in R3 (i.e. P*(rp < c0) < 1). Soin R3, a pure Brownian motion could
ramble endlessly without hitting the boundary. However, the drift term is often
responsible to guide the process toward the exit from the set D¢ (or the entrance to the
bounded component D).
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Helmholtz equation in exterior domains

(A + K)u(x) =0, x e D°
u(x) = — exp(ikk - x), x € 8D

lim; s oor ™" (627(’() - iku(x)) =0,
.
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Helmholtz equation in exterior domains

o
(A + K)u(x) =0, x e D°
u(x) = — exp(ikk - x), x € 8D
i —1 (0u(x) .
limr— oor (7 — IkLl(X)) =0,
ar
o

EXUX X (r <o0)] = B )X (7 <oe] = v + E° | [ Au(B)os] =

. K? ki
u(x) = ~Eexp(ikk - Br)X (7 <oc)] + 5 E* [/0 u(Bs)ds] ,

@ However, the validity of this formula requires that EX [Jo |u(Bs)|ds] < oo, which is strongly ambiguous
since u has no compact support and the life time variable is not controllable. In addition, the Monte-Carlo
simulation would be very slow since a part of trajectories could ramble for a long time before hitting the
boundary or just making eternal loops inside the exterior space D®. Even if these drawbacks were
bypassed, the implication of the integral term is not desirable since it involves the values of the field along
several paths and actually necessitates the enrichment of data over a large part of the exterior space, fact
which is unrealizable. The information is restricted on the surface of the scatterer (boundary condition) and
on the data surface where measurements are gathered.
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Helmholtz equation versus the Helmholtz equation

(A—K%)u(x) =0, x € D°, (k> 0)

u(x) = f(x), x € oD

au(x)
or
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Helmholtz equation versus the Helmholtz equation

(A—K%)u(x) =0, x € D°, (k> 0)

u(x) = f(x), x € oD

au(x)
or

+ ku(x)) =0,

limroor™" (
o Feynman-Kac formula gives (by .. killing a diffusion)

u(x) = EX [f(B,.)exp(— /07 K2ds) X{T@o}] = £ [1(B,) ex0(—K7) x{r<ony]

o
(A+K?)u(x) =0, x € D°
u(x) = — exp(ikk - x), x € 8D
i —1 [ 0u(x) .
limr_— oo (7 — IkLl(X)) =0,
ar
o

u(x) «—s —E [exp(fki( - Xy +K27) X{T@O}}
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Helmholtz equation via Liouville representation

o Adopt a solution in the Liouville product form : u(x) = ¢(x) exp(—ikS(x)). Then, Helmholtz equation

results in

@ cikonical equation from ray optics \VS\Z = k2. It can be treated as a particular case of the

Hamilton-Jacobi equation of classical mechanics
@ extended transport equation £ A¢(x) + VS(x) - V(x) + (AS(x))e(x) = 0,

®lop = f(x) exp(iS(x)) = — exp(ikk - x) exp(iS(x))
Q@ 4(x) = E [f(X,—)exp (iS(XT) + 30T AS(XS)ds)] with
@ dx; = VS(X)at + VidBy, X = x.

@ This stochastic process takes values in cs..
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The construction of conditioned stochastic processes for Helmholtz operator. Doob’s h—transform

& isan attractor or a repulsive point 111

_ th,/( Yt)

dYi= ———=dt+dB;, 0<t<T, Yo=x—-& Yi=Xi—§& meN' [=1,2
Am,i(Yt)




The stochastic setting of ext. B.V.P’s

@ Let x € D€ be once again the initial point of the stochastic process under

construction. We consider the unit vector fiy ¢ := ﬁ = ﬁ For simplicity we

denote Ay ¢ as A since the points x, ¢ are assumed as fixed parameters, though
the same procedure might be profitable to be applied for several pairs (x, £). We
introduce now two sets of functions belonging to the kernel of Helmholtz
operator. More precisely, evoking the well known Legendre polynomial functions
Pm(cos 0), 6 € [0, 7] and the spherical Bessel (jm) and Neumann (ym) functions,
we introduce two families (/ = 1, 2) of eigensolutions of Laplace operator:

hen, (v k) = Pm(f1-y /|y1)Qm,(klyl), m=0,1,2, ...,

where Q1 (k|y[) = jm(k|y|) and Qm2(kly[) = ym(k|y|). For simplicity, we
suppress the dependence on the wavenumber denoting hp, 1(y) = hm (v k).
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@ Let x € D€ be once again the initial point of the stochastic process under

construction. We consider the unit vector fiy ¢ := ﬁ = ﬁ For simplicity we

denote Ay ¢ as A since the points x, ¢ are assumed as fixed parameters, though
the same procedure might be profitable to be applied for several pairs (x, £). We
introduce now two sets of functions belonging to the kernel of Helmholtz
operator. More precisely, evoking the well known Legendre polynomial functions
Pm(cos 0), 6 € [0, 7] and the spherical Bessel (jm) and Neumann (ym) functions,
we introduce two families (/ = 1, 2) of eigensolutions of Laplace operator:

hen, (v k) = Pm(f1-y /|y1)Qm,(klyl), m=0,1,2, ...,

where Q1 (k|y[) = jm(k|y|) and Qm2(kly[) = ym(k|y|). For simplicity, we
suppress the dependence on the wavenumber denoting hp, 1(y) = hm (v k).

°
Y hm (Y,
dY,:MdeBt, 0<t<T,Yo=x—¢ Yi=X—¢ meN*, [=1,2
hm,l(yt)
N A ((X¢ —
dxt:dedB,, 0<t<T, Xo=x, meN*, I=1,2

Bm,1((Xe =€)
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@ hma(Ye) = Pm(i- Ye/1Yt])Qm,1 (K| Yi]) = Pm(cos(©:))im(k| Y1)
Exploiting the recurrence relation of spherical Bessel functions, we find that

sin(©¢)P},(cos(©4)) A
- &.dt + dB;,
|Yi|Pm(cos(©7)) !

Y,
dy; = HMMYA)Wdt

with

)\jm—1 ()‘)

A ==

—(m+1), x>0
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The stochastic setting of ext. B.V.P’s

@ Both processes X;, Y; depend on the adopted member hp, ; but this dependence
is ignored in the symbolism of them, for simplicity. The Helmholtz’s equation
solution hy, ; is expressed in local spherical coordinates adapted to the cone
Km=&+Kn=£6+{y€R®:0€[0,0n1)} with vertex located at ¢ and axis
parallel to A. The pair (£, x) defines the z—axis of this local coordinate system.
In y-terminology, the origin of the coordinates coincides with the point £. Finally,
Xm,1 = C038(0m,1) is the closest root of Pr(x) to the right endpoint of its domain
[-1, 1] and is indicative of the narrowness of the cone.
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@ Both processes X;, Y; depend on the adopted member hp, ; but this dependence
is ignored in the symbolism of them, for simplicity. The Helmholtz’s equation
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Km=&+Kn=£6+{y€R®:0€[0,0n1)} with vertex located at ¢ and axis
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In y-terminology, the origin of the coordinates coincides with the point £. Finally,
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br(€) =D NKmyN{zeR" i n< |z—¢| <L}



The stochastic setting of ext. B.V.P’s
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Figure: Inserting cups and interior conical “cushioning” to guarantee regular driving
terms.



The stochastic setting of ext. B.V.P’s

Parameter m defining the Spherical Bessel j, The maximal height of the cone eTm = % A

: 2
4 v
5 A

3X
8 e
11 2\
29 5\

Table: Some characteristic cones for several values of the parameter m.



Representing the scat. field
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@ Apply Dynkin’s formula to the field w(x) = m
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Representing the scat. field

u(x)
hm,1(X*§)

& i) = e L A G ) )

Denoting h = hy, 1, we find that

@ Apply Dynkin’s formula to the field w(x) =
o

) _ g [ X

B [
Jmlklx — &) ~ hmA(vT)}:’“(x) Im(klx = €DE {hm(m]

s



Representing the scat. field

Stochastic representation of the scattered field

_ mlklx = €l) x u(Xz) Jm(klx — €1) _x u(Xr)
WS e {Pm(cos(em] e [Pm(cos(ef))]
tends to 0 as ~ goes to 0

jm(K|x = €1) oI .
Pm(cosBmrs 1)) " Lim (k| Y- )]’XEDm © o

since...



Representing the scat. field

Stochastic representation of the scattered field

Q®
C mklx —€D) u(X-) im(Klx =€) o [ u(Xs)
= e {Pm(cos(em] T ko [Pm(cos(ef))]
tends to 0 as ~ goes to 0
jm(K|x = €1) oI .
Pr(costlrrs 1) | (K| Yr )]’ * € P (8) o

since...
o

P ({X- € 9057 ()} N {®7 = by 1} N{r < T}) < eszcT (7,}"(&") >< (Pm(cos(0m,1))) ¢,

i - Jm(kIx — 1) ”

forany real ¢ > 1



Representing the scat. field

If the domain of the stochastic process is ['),"';L (&) and T s the first exit time from this domain, then the probability of
escaping from the lateral surface, instead of the cups, converges to zero as the parameter e tends to zero:

lim P¥ ({x- €05, (©} N {Or =61 —€}) =0.

Proposition

If the domain of the stochastic process is D,en"y (&) and T is the first exit time from this domain, then the probability of
escaping from the lateral surface, instead of the cups, in finite time T has the estimate

Jm(em)

S
SNy S
jm(k|X—§|)> Pm(COS(GerWJ)),

= ({XT € ann’V(E)} N {Or = Oy 1} N {r < T}) < e%c‘T (

forany real ¢ > 1.




Representing the scat. field

Proposition
Let the height of DE; (¢) be selected as L = eTm Referring to the stochastic process Y;
generated from a point x of the axis of the cone and evolving in DS (¢), it holds that

] s _ dm(em)  [msy (KX = £])Ym-y (k) — jmny (k) Ym+ry (K|X — €])]

Plly,| = 2m
[1¥- Z In KX =) Limi (@m) ey (k1) — e (Kn)yims (@)

k

REINETS

e

liv o eml o n(em) jmea(KIX =€) [, mea(kn)  ymen(Klx — €])
v =) 2 R e [1 }

Jma~(KIx = €])  Ym~ (kn)

When the point x is even slightly detached from the inner cup it holds that

Jmi~(kn)  Ymi~ (kIx=€]) il X 4
Ty (KIX—ED) Yoy (R) << 1. Then the lower bound of the probability P}, obtains
the form —Jm(em)__imex(KIX=€1) "1t i remarkable that this ratio involves the starting

. Im(k\X—f_\) Jm+~ (em) i i i

point and the height of the exterior cup alone. It is obvious that
; Jm(em) _Jmi~(KIX=€]) _ ; ; i ;
limy_o jm('Z|xT ) j.m”M Gy = 1, fact assuring the total accumulation of hitting points
on the exterior cup when ~ converges to zero.
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o
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Representing the scat. field

Stochastic representation of the scattered field

@ 1 2(Y1) = Pm(cos(©)ym (k| Vi)

o
JE Y, sin(©;) P’ (cos(®;)) 2
AV, = Fm(k|Vil) = st — SO (oSO & 4 . ap,,
[ Y2l | Y| Pm(cos(©t))
A
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sf
—-10f
o)
£-1
e;N-lS—
20f )
a5k e
° —

Figure: The increasing negative function #m(X) for m = 26.



Representing the scat. field

Stochastic representation of the scattered field

ym(k\xfs\)Ex{ u(Xr) ] ym(klesnE_x[ u(Xr) ]
Ym(em) | Pm(cos(®r)) ym(kn) ™ | Pm(cos(8+))

Ym(klx — €]) X o
£ = , (o)l 2
Pulcostfria 1) 2 | ym(KIYr]) * €O (E) @




Representing the scat. field

Stochastic representation of the scattered field

ym(k\xfs\)Ex{ u(Xr) ] ym(klesnE_x[ u(Xr) ]
Ym(em) | Pm(cos(®r)) ym(kn) ™ | Pm(cos(8+))

ym(KIx — €1) % .
£ |, xe D% @
Polcostiry 1) Lym(k Vo) ] ©

ym(k|[x—£]) ym(k|x—£])
@ The terms Ym(Em) and Ym(k) - are unbalanced.

A Jm(k|Ix—€l) Jm(KIx—€[)
The same holds for the coefficients im(em) and k)




Representing the scat. field

Stochastic representation of the scattered field (3): The balanced one.

@ A combined auxiliary radial generating function g, (\) = Crmjm(X\) — Ym(A)
leading to hy (Y1) = gm(k| Vi|)Pm(cos ©;)



Representing the scat. field

Stochastic representation of the scattered field (3): The balanced one.

@ A combined auxiliary radial generating function g, (\) = Crmjm(X\) — Ym(A)
leading to hy (Y1) = gm(k| Vi|)Pm(cos ©;)
o
AV = Fim(k| Vi) gt — SMOVPm(CSON g 4y g where
|V2)2 | Yt|Pm(cos(©y))
Agn(N) _ ACmim—1(A) = ¥m—1(M)]
gm(X) gm(N)

Hm(N) = —(m+1), x>0.



Representing the scat. field

: The balanced one.

Stochastic representation of the scattered field

@ A combined auxiliary radial generating function g, (\) = Crmjm(X\) — Ym(A)

leading to hy (Y1) = gm(k| Vi|)Pm(cos ©;)

o
AV = Fim(kI Vi) g — Wé,dw By, where
|12 | Yt|Pm(cos(©¢))
Sy s AR MOmins ) =y s O
gm(X) gm(N)
o
— gm(KIx —€l) « u(X;) gm(k|x — &|) _« u(Xr)
U(X) - Eext = Eint =
9m(em) Pm(cos(©+)) gm(kn) Pm(cos(©+))

am(kix — €1) % "
E = R Dy 3
T Patoostim ) L gmikl v, ) <€ OO @



Representing the scat. field

Design of the cone (The direct problem)

@ The first concern is the selection of the observation point x and the next step is
the determination of the coefficient Cr, appearing in gm by demanding the
validity of relation Cmjm(k|x — &]) = —ym(k|x — £|). Then what remains is the
determination of the interior and exterior radii ), eT’" These parameters could be
selected arbitrarily but in that case the probabilities of escaping through the
shells would be of different order and then the coefficients %
% of representation (3) would be unbalanced in order to compensate
this unfitness. If equipartition of escaping is desired then the one parameter ep

and

is selected close to the first maximal point of j, while the other one must be
chosen® so that gm(kn) = gm(em).

3The selection is unique.



Representing the scat. field

The driving terms of the three stochastic representations for m = 29. The geometrical parameters have been
selected as kn = 7 and epg = 107r. Then, the radial function gog has the form
Goo(N) = 1.41 x 10B)o9(N) — yag(N).

30F

Hig(A)

10 15 1 20 25 30

w

1ot [
Hq(4)
20 +

-30 |-

8.0x 101

gau (4]
60x 0% F

20x 108 o

- 141 % 107 jzq (A)

2.0x104

=S e N S e o = S

S
8.0 82 84 86 B8 9.0



Representing the scat. field

Equipartition of trajectories

Proposition
It holds that...
= [{\Yq—\ _ eﬂ}] > Am(x, &) . Im(em) [/m+’y(f“x — &1)Ymi~ (kn) */:m+'y(k"7)}’m+-y(k|x — &Nl
k Im(k|x — &) Um+~ (em)Ym+~ (kn) — jmt~ (kn)Ym+~ (ém)]
Cmjm(em) Jm (k|x — &) 1

" 2Cmim(KIX =€) min(em) 70 2

gm(kn)  lmt~ (€m)Ymi~ (KX — &) = Jjmy~y (KIX — €])Ym4~ (€m)]
Im(k|x — &) lim+~ (em)Ym+~ (kn) — jm4~ (kn)Ym+~ (ém)]
~ (=ym(kn))  Ymi~(KIx — &) _ 1

2(=ym(KIx —€1))  Ymyy(kn) =02

P I{IYrl =0} 2 Bm(x, &,m) =




Representing the scat. field

Design of the cone (The inverse problem)

The cone DS (¢) defines the crucial dimensions 7 and L = ™. Then the coefficient Cry in the definition formula
of gm is chosen such that the function gm, obtains the same values at the end points of its domain, i.e.
dm(kn) = gm(em). This means that

ym(em) — ym(kn)

Cm =
Jm(em) — jm(kn)

Then the coefficients g"’(kl);r_")é‘) and gmg(:;‘(f(;f‘) of the first two terms of the representation (3) are equal and the

equipartition is introduced. What remains is to ascertain that the probabilities of hitting the two cups are comparable.
This can be realized if the point x is appropriately selected.

1
Cmim(k|x — &|) = —ym(k|x — &]) = Egm(k\x—é\)-

The unique point x, is selected to define the initial point x of the stochastic process. Every trajectory emanating
from x is subjected, in the beginning of its travel, to a pure Brownian boost since the driving term is locally zero. So
its initial directivity obeys to the Brownian law but once it finds an orientation, the driving term obtains abruptly one of

the already studied inwards or outwards behavior, pushing the trajectory to cross the corresponding cup.



Representing the scat. field

The discretized Euler scheme

Yo = (Y0, v vy = x

(i); / ) )
v _ [ CME1) iy K imaKIYal) | Pm_1(cos6n) 1 YOat,+ 280, i—1,2
Pm(cos 6n) |Yn|2

YU) =T'n n
i [Yal2 [Yalim(k| Yal)

Aty + 6B,

mH1 TN - oS 0 Pm(cos 0p) |Ynl2 "

v@ _yG _ (2m+1)Y(3) KV jra 1 (K| Val) At mPp_1(cos6p) 1 v®
[Yal2 " [Ynljm(k| Yal)



Representing the scat. field

The discretized Euler scheme

]
Yo = (Y0, v vy = x
(/) ; / ) )
v~y (2m+1)Yr(1f) _ kY /n‘7—1(k|Yn|) Ay [me1(0080n) vOan+a80, =12
m |Yn|2 [Ynlim(K| Yn|) Pm(cos 6n) | Ynl
2m 1) @z KYSDjn 1 (K| Yal) mPy_1(cos6n) 1 ) @)
y® _yo _ | ®) _ Zln t S SINN: Of
m a2 " [Yalim(K[Yal) | =" c0s0nPm(cos ) [Yal2 "~ T "
o
Yo = (\N/é”, Véz), ?és)) =x
) v / , ,
v = v - Q'ﬁt”?,‘,” _ Ko Yma(KIYaD) | Pm1(G08 On) J SVt + a8, =12
| Ynl [Ynlym(K|Ynl) Pm(cos 6n) |Y,|
~@) _
?1(3 o) (2"~7+21)y,(]3) _ K ym— 1 (K] Ynl) A+ mPp_1(cos 0n) ~1 , ZINSN: O
1Yol | Valym (K| Val) 008 0nPrm(C0S 1) [V,



The Inverse Problem: Part |

The inversion schemes

e.'(?,z S r ’eri':
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Cr X g
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Figure: Transferring data from the far field to the near field region.



The inversion schemes

The Inverse Problem: Part |

@ Instead of applying the stochastic representation to the scattered field u, just do
it for the Helmholtz equation vector solution M(X;) = (X; — x1) x Vu(X;), which
is a null field at the starting point xq.
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The Inverse Problem: Part |

@ Instead of applying the stochastic representation to the scattered field u, just do
it for the Helmholtz equation vector solution M(X;) = (X; — x1) x Vu(X;), which

is a null field at the starting point xq.
o
g% — &) x { M(Xr) } gm(kIx1 — &) x [ M(X-) ]
Pm 7)) Pm 7))

0= M) = e o | Pr(cos(® gm(kn) ™ | Prn(cos(®

M(X,
X[ %) y =X — &

M 1
int m] = —y; X Vu(&q)Ep [m]



The Inverse Problem: Part |

The inversion schemes

1

[(X; —x1) x Vu(X:)]

oxvu(é) = E 2
1 = &11Emt [ Brcony) Pim(eos(S-))
1 s [(XE = x!) x Vu(X)]
% x Vuler) = g, | e X)X FuU)

where y{ is normal to j; and |x;

=&l =[x

4 ext
|x{ — &11Ept [W] .

Pm(cos(©”))

— &1]. Determining so j4 x Vu(&¢) and

J1 x Vu(¢&y) implies reconstruction of the full vector field Vu(&1). The last assertion
holds even in the case that the surrounding surface is not spherical and so the vector

1 is not necessarily the normal vector on the surface. The same situation can be
repeated for every arbitrary point & located on Cg. The selection of the secondary
perpendicular cone is arbitrary and depends on the availability of data.



The inversion schemes

The Inverse Problem: Part |

1 ~loll o X
vu(g) = {(y y'=9"y) - Es,, {
Ix — E|EX ] |

(X — x) x Vu()v(f)}
1
int [Pm(cos(éT))

Pm(cos(6,))

ppropr [ Ko x) x v
Seax! | Prm(cos(8))

X

where §// =y x .



The inversion schemes

@ Infact, itis not always necessary to use a different set of cones (and far-field subregions) for every
particular point £ of the surrounding near-field surface. This remark can be explained in a converse manner
introducing the well known case of the restricted far-field data. The question is to determine the range of
influence of this restricted set. Indeed, let us assume that the vector Vu is measured on a portion Sy of the
remote field regime. As depicted in next Figure , the surface element Sy defines a truncated cone Sy which
divides the surface Cp in two parts, the shadowed one and its complement C;, on which a grid of points &;

can be distributed.



The inversion schemes

@ Infact, itis not always necessary to use a different set of cones (and far-field subregions) for every
particular point £ of the surrounding near-field surface. This remark can be explained in a converse manner
introducing the well known case of the restricted far-field data. The question is to determine the range of
influence of this restricted set. Indeed, let us assume that the vector Vu is measured on a portion Sy of the
remote field regime. As depicted in next Figure , the surface element Sy defines a truncated cone Sy which
divides the surface Cp in two parts, the shadowed one and its complement C;, on which a grid of points &;

can be distributed.

@ Every such point constitutes the vertex of a cone whose base is the sub-surface Sp- These cones do not
have - in their majority - upper spherical cups orientated with their axis y;, but this geometrical slight
declination does not affect the probabilistic setting developed so far given that the influence of the bases to
the evolution of the trajectories applies only to the final steps of their travel. Summarizing, if only
Vi x Vu(&;) are to be determined (for a plethora of points &;, i = 1,2, ..., Non CE), then the information
on Sy is enough. Moreover, if we are interested in determining the vectors Vu(¢;) themselves, we evoke
the dual perpendicular cones whose bases assembly form a supplementary far field data region of

indispensable utility.



The inversion schemes

§i s

~+
i

ap |
Cp

Figure: The region of influence of the data confined on Sy.



The inversion schemes

Instead of gradients, determine the field itself...

N(x; @) = =V x M(X)|x=a = —V x ((x — a) x Vu(x))
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Instead of gradients, determine the field itself...

N(x; @) = =V x M(X)|x=a = —V x ((x — a) x Vu(x))

v(x;a) = (x — a) - N(x; a)
=2(x — ) - VU(x) + (x — a)(x — @) : VVu(x) + k2|x — al?u(x) € ker(A + k?)



The inversion schemes

Instead of gradients, determine the field itself...

o
N(x;a) = =V x M(X)|x=a = =V X ((x — a) x Vu(x))
o
v(x;a) = (x — a) - N(x; a)
=2(x — ) - VU(x) + (x — a)(x — @) : VVu(x) + k2|x — al?u(x) € ker(A + k?)
(]
1 a V(;(7('a); @) / 1
V(&) = — 1 ES, - S | for o = xo, x4 and x5
o { ] m(cos(6()))

Pr(cos(&{™)))



The inversion schemes

Nz

ST i) = —2x0 — &l(Fo + P+ 55) - Vu(€2) + [xo — £2° Au(En) +3KP|xp — E2]Pu(E2)
ae{xx' x'"}

= —2|xp — &2|(F2 + P + 95') - Vu(€2) + 2K%|x5 — £o]Pu(e2)



The inversion schemes
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The inversion schemes

Nz

ST i) = —2x0 — &l(Fo + P+ 55) - Vu(€2) + [xo — £2° Au(En) +3KP|xp — E2]Pu(E2)
ae{xx' x'"}

= —2|xp — &2|(F2 + P + 95') - Vu(€2) + 2K%|x5 — £o]Pu(e2)

1 " Fy (x4
ue) = { > ES.. {7‘( )}

S(e)

242 x - €2, [%U] e 1) Pm(cos(®™)))
Pm(cos(©37))

x(

vy [EE e ] e [ ) x vusd)
Sox | T B cos(@)) 5 Pm(cos(®%"))

ext,x/

—v(X;a) = 2x - Vu(x) + xx : VVu(x) + k2|x|2u(x) = —Bu(x) = —F1(x), |x| = oo



The inversion schemes

The scattered field u(X) = u(X k, k), obeys to the Atkinson-Wilcox expansion
f; X k k
U(X) | X] Zn =0 N( )

pattern fo(X; k, k) = Uoo (X . k, k). In second order approximation, we have the following asymptotic form for the
remote field: |

u(X) = el)‘(‘ [fo(f(;k,k) + Xk, k)] + up(X), |X|2up(X) = 0, as |X| — co. The coefficients f, are

outside the circumscribing sphere (|X| > R), where we encounter the radiation

related via the well known recursion scheme 2iknfn = n(n — 1)f,_4 + Bf,_1,n=1,2, .... So the field
Fy(X) = Bu(X) is experesed as
k| X ek1X]

Fi(X) = Bu(X) = e|x\ Bfy(X; k, k) + O( |X1|2 = \XI 2ikfy (X; k, k) + O( \X\Z ) as |X| — oo, involving so
the second order approximation f; of the remote field expansion. The far field pattern has always the expansion in
terms of the spherical harmonics Y < fy = 33920 520  b™Y™, with coefficients bT = [ fo(X)YP(X)dX. (@

stands for the unit sphere). Theoretically, in the absence of noise, the coefficients b}’ are rapidly decaying satisfying

5 2 o ) )
the growth condition 3752 (;3?7?) " >0 172 < oo. The field 2ikt; = Bfy is represented as the expansion

2ikfy = — S22 n(n+ 1) So0,__, b Y. The last expansion represents a stable estimation of f; in case that the
noise corruption does alter the mentioned before growth behavior to such an extent that the reasonable and much
weaker summability condition 3252 i(n+1)2 337 |b'[? < oo is not violated.

The same process is followed to construct numerical implementations of the remote vector wave field

(X — x) x Vu(X), behaving like ETI)‘(I X x Dfy(X) as | X| — oo, where we recognize the spherical surface

tangential gradient D = 6 -2 56 T sno . Evoking the spherical harmonic expansion of the far field pattern, we find
| [ ekIX| ¢
that (X — x) x Vu(X) & S5 X) = TX] X x Y2 n__, bIDYM(X)
ik | X
= — ")‘(‘ ‘ ano Zm:—n n(n + 1)b;”Cﬁ(X), |X| — oo, where there emerges, for every pair (n, m), one of
the Hansen mutually orthogonal vector spherical harmonics ( i.e. the eigenvectors PT(X) = XYT(X),

BM(X) = ﬁmmm andCM(X) = \/ﬁmﬁ(k) x X.)

Sln




The inversion schemes

(o)

N “la
u() = 1 S { F (Xi( )
N 7o = L Pm(cos(®())
2y _ £|2 int 1 ac{x,x" ,x""} i=1 m i
2K2|x — ¢| Z/:1 |:(cos(él(x))):|
N T X _ %) N T s _ ()
LG9 Z ><Vu(X } Z (X X') x Vu(X*)
=L Pmlcos(8™)) = Pr(cos(&")) ’

where Néxt) represents the number of exits of the trajectories through the exterior

surface of the cone K¢. Given that the involved cones are identical then

Né:t) = Ng{) = Néxt In addition, the theoretically established equipartition of the
trajectories, pertaining to their orientation, implies that Néxt) = Nl(m) = N , fact which is

approved by the experiments.



The inversion schemes

On reconstructing convex scatterers

In the beginning, we consider the primitive case of a spherical scatterer of radius a, centered at the coordinate
origin. Being more specific, we consider the simple case of a = 1 and k = 2 (A = = length units). The points &;
are sampled uniformly inside a cube Q centered at the coordinate origin and having edges of length 2

= 47"' = 2. This cube hosts the determinable scatterer.We consider a remote distance | X| of order of

5\ = wT” = 57 where the synthetic data are collected. We focus on the portion of data that is confined on a
spherical subregion of the sphere k|X| = 107 around the radial direction 7y = —k = \%(1, 1,1). The
aforementioned choices define the crucial geometric parameter k| X| = ey = 10, defining the range of the
remote scattering field and the typical size of the involved cones. So, according to the parametric analysis described
in previous sections, the integer m takes the optimal value m = 29. The mentioned above range of used data Sy
(on the sphere k| X| = 107 and in the vicinity of 7y ) has a spherical polar aperture confined by the angle 629 1.
The vertex of every involved cone K; is one of the sampling points &;, its interior cup is very close to the vertex via
the selection kn = 0.017. The geometrical feature k|x; — &;| for the involved cones, is determined to have the

exact value 0.2524 7. The hitting probabilities are theoretically foreseen as described above to be

P H\m =em H > 0.500039 and P* [{|Y, | = n}] > 0.499774 and the simulations verified this prediction.
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On reconstructing convex scatterers

o Prescribing further the performed numerical experiments, it is noticed that inside the cube Q, a set of
M = 203 uniformly distributed potentially candidate surface points &; has been sampled and for every
i€ {1,2,..., M}, stochastic experiments have been performed pertaining to the solution of the underlying
stochastic differential equations in the cones K;, K/ and K/’. The Monte Carlo realization of the involved
expectation terms required at most N = 102 experiments-repetitions with a typical life-time of traveling
inside the cones expressed via the rule k2T = 10~2. This result is in conjunction with the uniform selection
of the parameters ¢ = 2 and v = 1, defining in detail the angle of the cones according to the results
presented above. This stochastic implementation leaded to the determination of the stochastic terms &(¢;),

ie{1,2,...,M}.
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On reconstructing convex scatterers

o Prescribing further the performed numerical experiments, it is noticed that inside the cube Q, a set of
M = 203 uniformly distributed potentially candidate surface points &; has been sampled and for every
i€ {1,2,..., M}, stochastic experiments have been performed pertaining to the solution of the underlying
stochastic differential equations in the cones K;, K/ and K/’. The Monte Carlo realization of the involved
expectation terms required at most N = 102 experiments-repetitions with a typical life-time of traveling
inside the cones expressed via the rule k2T = 10~2. This result is in conjunction with the uniform selection
of the parameters ¢ = 2 and v = 1, defining in detail the angle of the cones according to the results
presented above. This stochastic implementation leaded to the determination of the stochastic terms &(¢;),
ie{1,2,...,M}.

@ The inversion algorithm consists in constructing and investigating the objective function
G(&) = |u(g) + e"k’;'f\. The points &; assigning small values to the functional G(&;) are the supporting
points of the surface 9D. In the following figure, we just plot the level set of the interpolating function G(¢),

representing the set of points satisfying the criterion G(£) = e with e < 1072,
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On reconstructing the sphere

y

Figure' The reconstruction of the sphere of radius a = 1, in the framework of the backscattering case
fo=—k= f“ 1,1). The principal data are distributed over a surface element of measure

27r(57r) (1 — cos 629 1) and are supplemented with additional information over the dual cones of type K’ and K''.
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2 2
X+ £ + Z = 1 with considerably unequal semi-axes a; = 4, ay = 3, a3 = 2

2

On reconstructing the ellipsoid 2

2
i <l

4y - _ZUX

. . 2 2 2
Flgure. The reconstruction of the ellipsoidal surface ¥z + %~ + %~ = 1, for one specific incidence
k= —%(1, 1, 1) and wave number k = %
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Part Il: An alternative inversion method adequate also for treatment of near field measurements

m=4

m=a

b

W
]

-

dl

m=5

Figure: Every cone has a height that can not exceed ET’" = g—'gg,\. For several parameters m, the taller

versions of the corresponding cones are presented.
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¥ x vu(g;

1 « [(Xr —x) x VuXr; k)
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N T (cos(®,))
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withy = ye = x — £and £ = £ + nj.
The point £ will be tested as a candidate scatterer’s surface point and then the decomposition

Vu(é) = 8“(.’5) + (I — AR) - Vu(€) will be used, where the normal vector 7 on the scatterer is unknown. In case
£ lies on the surface 8D, the boundary condition can be evoked, leading to

Jx Vu(E k) =7
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Taking the complex conjugate of this equation, we obtain

IxVu@ER) =g xn (a (k) — iﬁ-(kk)e—’k’;'f") 4 i x kke k&
n

Clearly the function T is an ingoing wave. We consider now the the outgoing solution u(x; —k) corresponding to the
opposite incidence (77(). Clearly, it holds that

7 x Vu(§ —k) =y x (—(5 —k) — ~(kf<)ef"f<é> + iy x kke™ ikk-€
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@ stcase: j x Vu( k) — § x Vu(é —k) £0
The direction t = T = yi” can be reconstructed
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o
N = N A . fou .. ou . .
Y x VuE k) =y x Vug —k) =y xh| —(&k) — — (& —k)
on on
@ stcase: j x Vu( k) — § x Vu(é —k) £0
The direction t = %, = XX can be reconstructed
[y xn|
1 N N N N P
LU xh (y x W(s,k)) =1 Vu( k) = —it - ke"*'¢
@ ondcase:y x Vu(é; k) — 7 x Vu(§ —k)=0
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@ We define
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@ We define

5 7{ fe it Mm(& k) # Mm(& k)

kif Mum(€: k) = Mm(& —k)
o
1 x [0 (X =003 — (3¢ - (Xr — )] - Vu(X-i k)
Lm(&) = Eg [ P 5
. m m(cos(©+))
kix — €18 | ook
> ikk-€
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@ We define
3 = { I it Mm(€; k) # Mm(€; —k)
kit Mm(&; k) = Mm(& —k)
o
Lm(e) = ! x [Ws KX = ))& — (& - (X = ))e] - Vu(¥ri k)
msT 5m .
klx — €1ER, [Pm(col(éf))] Pm(cos(S))
+ igg - Re"kf"é'

@ The function L m(&) theoretically vanishes when the point £, located very close to the vertex &, belongs to
the surface OD. So imposing the constraint £(&) = €, with e << 1 and sampling over a grid of candidate
surface points &;, i = 1,2, ..., M leads to the construction of level sets describing the surface of the

scatterer.
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Reconstruction of the cubic surface

Figure: The reconstruction of the surface of the cubic scatterer with semi-edges
2,/3, /2 length-units in cartesian coordinates. To reveal transparently the structure of
the inversion, the region x > —1.8 has been illustrated.
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Reconstruction of a disconnected scatterer

a) Restricted data case b) Full data case

Figure: Reconstruction for the disconnected scatterer case: Detecting two spheres
with radii equal to 1 and % centered at the points x = 2 and x = —1 of the x—axis,
respectively.
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Conclusion: On comparing the two inversion schemes

The alternative algorithm could be used as well in the realm of far field measurements in the case of convex
star-shaped scatterers. Indeed, the alternative to detour the implication of additional measurement sets on the dual
conical surfaces of the first approach emerges via the current implementation. Comparing the approaches, their
particular ingredients are revealed. The dual cones approach is based on one specific excitation k and three
perpendicular cones providing data on three separate conical spherical cups in the far-field regime. In addition,
special treatment of the data is required to construct the field F; (5(7(.‘1)) appeared in the first approach. On contrary,
the methodology of this section involves measurements generated by two opposite incidence directions k and (—f()
every time but restricted on the exterior cup of a single cone for every particular group of Monte Carlo stochastic
experiments. Moreover, no need to interfere with the spherical harmonic expansion of the acoustic field is necessary
any more in order to construct the auxiliary field F;. Phenomenically, the second method seems privileged but a
more attentive examination reveals some intrinsic special properties. In every realization of the second approach, a
quantitative criterion has to be examined defining every time the choice of & . Although this repeated "if " structure
of the second algorithm does not impose some essential numerical burden, the first approach is totally free of any

intrinsic geometric constraint.
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Thank you very much.
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